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clslons about the figure presented on the retina. This paper considers 
differential perceptrons,which view a continuous retina. Thus, Instead 
of summing the results of predicates, we must now integrate. This In¬ 
volves setting up a predicate space which transforms the typical percep- 
tron sum. £,«f) $«) .Into £,Jox{l {t T 1 Jp , where -f Is the figure oi 
the retina, i.e. In the differential case, the figure Is viewed as a fun, 

equivalent to perceptrons on the class of figures that fit exactly onto 




le also note, th 
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The simplest example Is 
end rtft-l M . Let (X,. « 2 , « 

a predicate p* by p*(f) = 1 iff X,e{, tj£i- 


> 1*1 

predicate p x whose supp 
C,)-X«(*?> 4 . b 

deflned and equal 


tr of distinct points an 



Host sets of predicates of finite index may be topologlzed so that they 
are at least a subset of a topological group X that has an Invariant Integral 
defined upon it. If we view a figure f as a function on this space via 


f(p) ■ P(f) then In most Interesting cases 1 
grable . More generally, we can then write 
Is a reasonable function. 






Let p x be the Index 1 predicate as above. Let K "Mp x . Then we may 
K with the topology of the plane, i.e. the predicates correspond 


topologize 








suiting In the counting integral 2>f>V 

Suppose J Is the set of all index 1 predicates p such that p(f) * 1 
iff S(p) is a boundary point of f. We can topologize J so that it is 
homeomorphic to R 2 and is equivalent tojclx, y) dxdy where C 

(s the characteristic function of the boundary of f. Unfortunately , 
the boundary Is a set of measure zeroin the plane. We would, however, like 
to be able to associate a measure with it. the length of the boundary, which 

is defined for ft F. Suppose then that for each x ■ {Xj. x n) * (R 1 )* 

there is a predicate p x , such that p x (f) - 1 *4f each x f is a boundary 
point of f and perhaps satisfies some other property as well. Then this set 
of predicates, call it L, can be topologized so that it is homeomorphic to 
((H, 2 ) n . He will use the Lebes^ue taken over the surface in (^ 2n correspond¬ 
ing to the boundary of f, i.e. (x^.x n )€ k is on this surface rff each 

Xj is a boundary point of f. This Integral is normalized so that the "area" 

of the surface is the length of the boundary of f raised to the power n. 

We are now ready to fit these integrals into the general perceptron 
scheme: a linear sum with a threshold. The idea is that we have a set of 
predicate spaces •" integral over each, jftlpliijn ip 

where the Integral may be any of the types discussed , and we now wish to 
sum these Integrals in seme manner. Note that it 1$ Quite possible for 
there to be a topological structure on this set of predicate spaces, for 
instance if Ij. Is the space of all index 1 predicates where pcl r is such 

there and equal to r then the set { 1 '1 r, p, “ay be 9 ,ve " 0,6 topolo¬ 
gy of the line and so to sum integrals of the fom J a(p) f(p) d p 
we may write J J a(p)f(p)dpdr. 








In general, we may Identify the set of predicate spaces, iK-U • 
that we wish to sum over In a differential perseptron, with a subspace of 



cetpron as V|l«) > T ™ order of ^ " 

the maxlmun of the Indices of predicates In any of the . 






slsts of a number of examples of differential perceptions. The first three 
examples demonstrate the usefulness of topologlzlng predicate spaces with 
the discrete topology so that Integrating reduces to counting. 


Example 1: ^ convex ■ fThe figure on the retina is convex"! . 



that f(p x ) - 1 If and only if xcf. Let U be the set of all predicates 
P^aIP^a P X * as Xj, Xg, and x^ run independently over the retina. 

giving the discrete topology we can write the order 3 perception: 

Example 2: Treg. poly. ■ ffhe figure on the retina Is a regular 
polygon"! . 

A figure will not be a regular polygon if and only If it satisfies at 
least one of the following properties: 








defined and not equal to 




predicates p « fangle Is defined at x and at 
d places'! as x and y run Independently over the 


configuration: ^where od >«d-|T 


Let U be as previously then* giving V,W, and X discrete topologies: 

HVij }ci r = r^oxp) 4 ip) 4 +2 |, p) + < ol 


than tTT/r, • Then adding,£f(p) to a 
yields y reg. n-gon. ' 


in for Yreg. poly. 


Example 3: Circles 


A figure Is not a circle if and only If it satisfies one of the fol- 


There is a boundary point 




There exist 


Cx % Cy. 




space of all 




>e the space of all predicates p • 1 x and y are boundary 
itth u as before , and with discrete topologies all around: 

e »r -1 2?if) If) id . 

inly to recognize circles with radius r then let T be seti 
:e topo)ogy ( of all predicates p ■1 x Is a boundary point where 
i defined and not equal to 1/r^ - Then adding in^ f(p) to 
V circle yieldsYcircle of radius r. 


' ' felR'iPd St^-TT,IT] there exists p«Cx, qdAx such that p = f“x i 
Kr y point where curvature is defined and equal to rland q »Tx 1 


le outside integral inj^f(p) * S3Hp))ix is the boundary 














'IS "l 0 * 1 |s(P»IS *"■* ,or »'1 i a«l a" S(p)^-bJJ 

In other words, l|j is ell p<I such that S(p)ffl* and at least one point 
of S(p) is in each box in B m . If (all) pel has Index m then for m>n, 

'm ' Th * r,,ore '/| *(p)f(p)dp ■ ^le/i*(P)f(P)dp. 

regardless of what a squared figure f looks like outside of B k , p(f) * 1 if 
and only if f<V • J o‘. Now i‘ can be paritioned into (U J where 
p *j J n if and on 'f ff p(j°„) ■ 1 and J is the set of all predicates In 

% W«- will also us e •n'L-K, ccnurtw 








































GWVJTRIC TOANSPOFKATICNS 








r8(p)<tp ■ J(a ( £b r(p 1 )g<p J Wp a )dp 1 ■ f(P 1 Mp 1 ) e(p 2 > < sp 2 ) ■ 

Similarly, if « define « l£_ and f lies in A then 

«!>! x p 2 ) - f<P 1 >f(P 2 ) ao: 

‘ r,p l )r<p 2 )d Pj >4p l‘ r(p 2 )dp 2 ) 


“ ^Cj - "a,- ^o, ■ £,• 


id B respectfully; ( J.C{ p)dp- fg g(p)$>) 2 


( /f(p)dp) 2 - 2(X f(p)<*>Kjj, g<P>dp) * C^E(p)dp) 2 = 


FUthennore, since the support of all predicates in k£ 2 have their sup- 
port in A, ^/B(p)dp -^f(p)dp and slnllarly^fgipldp g(p)dp . 

Clearly any finite degree polynomial ccefclnation of integrals can be 
fontted in this ramer, that is, the concept of finite order linear state over 


arbitrary predicate spaces autcmatlcally includes finite degree polynomial 
sums. Thus if we write a polyncxslal sun as above we will mean the equivalent 














































































